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A B S T R A C T

new model is proposed to explain the magnetostriction effects in
ferrimagnetic spinels and garnets with Mn!~~ c~j~ and ~~~~ ions
substituted into octahedral sites. Considerable experimental evi-
dence has revealed that small amounts of each of these ions will ~. ~ 00
alter substantially the magnitude of either the A1~~~~i X ~~~ magne- ,d .~

‘o_ .  ~~~~~~~tostriction constant, depending on the particular ion. The theory is
based on the concept that Jahn-Teller effects produce local site dis-
tortions of tetragonal (favoring < 100> axes) or trigonal (favoring
(iii> axes) symmetry which are able to switch among the differ-
ent axes of the particular family in order to ~~lect the axis closest
to the direction of the magnetic field. For Mn~~ ’iong, the local site
distortions are expected to be tetragonal (c/a > ‘). in accord with
observations in a variety of magnetic b es w ere static coopera-
tive effects are pr~éent, and will produce large positive changes in
the 

~oo constant. ~~~~~ Co~~ ions, the distortion Is also tetragonal.
but of the opposite sign (c/ a < 1), consistent with cooperative effects
in CoO, and will produce large negative changes in In the case
of F~~~~ions, the distortion is tri~onal (~ ~. 60 1). as evidenced by its

~~1p AA ~.I / j .
~behavior in FeC). and will produce large positive ~hanges in the .~ ~ ~~~-‘ - -

constant. In each case studied, the theoretical results are in com-
plete accord with the available room temperature magnetostriction
constant data on a qualitative basis. An estimate of the magnitude of
the elastic energy of the local site distortion suggests that crystal
field energy level splittings required to create the observed rnag-
netostrictive effects are only on the order of i t’cm~~~
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LOCAL SITE DISTORTION MODEL OF MAGNETOSTRICTION

L INTRO DUCTION

When a material undergoes an elastic deformat ion upon application of a magnetic field , the
phenomenon is called magnetostriction. In general, this prope rty exists in spontaneously mag-
netic materials, such as ferromagnetic metals or ferrimagnetlc oxides , where trivalent iron
(Fe 3+) is found In abundance. Magnetoatrictive distortions are measured as strains along the
direction of the magnetization and feature a saturation curve which varies with field strength,
as well as the hysteresis and remanent effects associated with the magnetization. For materials
of cubic symmetry, there are two magnetostriction constants (A 100 and A 111) which represent
the saturation strains resulting when the field is directed along the <100> and <111> axes of a
single-crystal specimen. Pure materials with an abundance of iron or other magnetic element
will feature magnetoatriction arising from the cooperative effects of the iron and its coupling to
the crystal lattice, and the magnetostriction constants are considered to characterize this basic
property of the material.

In ferrimagnetic compounds of spinel and garnet structure, magnetostriction constants can
be severely affected by small quantities of selected trans ition-metal ions. The type of ion which
creates this phenomenon is either crystal-field stabilized from a Jahn-Teller effect , e.g. , Mn~~
in an octahedral site, or Jahn-Teller and spin-orbit stabilized, e.g., Co2

~ in an octahedral site.
In both cases, the ion itself is the source of a spontaneous distortion of its local envi ronment.
The large changes in magnetostriction constants can occur when these ions replace Fe3+ ions
In substitution amounts of less than one percent and can be used effectively to control the mag-
nitudes and signs of these constants over a considerable range of values.

Ferrimagnetic compounds with these ions have found important applications in memory
cores, microwave devices, and may also be useful in controlling stress sensitivity of bubble
memory materials. For the host material, the rnagnetostriction constants arise from the com-
peting Interactions between the crystal electric field and the magnetic field . Through a Stark
effect , the crystal field will tend to break down the spin-orbit coupling by capturing the orbital
angular momentum, while the spin angular momentum remains aligned with the magnetic field.
However, the decoupling of the spin-orbit interaction is never complete and a small amount of
spin -lattice coupling is always present to produce lattice strains whenever the magnetic field is
rotated see Fig. 1). Since Fe34 is the predominant magnetic ion In these materials, and since

114—3—1*54

I

SPIN-ORBIT COUPLING CB’FSTAL FIELD MAGNErIC (Z~~~.on)
ISIO,~) EFFECT COUPLING

OVERRIDES COUPLING ANISOTROP’I REQUIRES STRONGER ~
BETWEEN C AND ~~. TO ALIGN ROTATION OF I. THROUGh

RESIDUAl. SPIN-ORBIT COUPLING CAUSES
MAGNE TOSTRICTIVE ROTATION OF I.

Fig. 1. Magnetoelastic effects and the role of spin-orbit coupling.
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it is an S-state ion with no first-order contributions to the orbital angular momentum, even its
collective magnetostriction effects are very small, seldom greate r than a few parts per million.
As a consequence , it is reasonable to assume that the contributions to the magnetoatriction ef-
fects from these substituted ions are not only totally dominant, but may also be largely unaffected

3+ .by the spin-lattice interactions of the host Fe ions.
Although thcrc are several ions that may be capable of producing these effects , this paper

will exam ine only three for which an abundance of experimental and theoretical studies have been
carried out. In particular, Mn3

~ has been investigated in yttrium iron garnet 1 and in spinels
( Li and Mg fe rrite),~~

4 Co2
~ has been examined in yttrium iron garnet 5 and in sp inels (Li and

Mg fer rite , and magnetite),6’~ and Fe2
~ has been investigated in yttrium iron garnet.8~~

1 In all
cases . magnetostriction constants A 100 and A 144 change monotonically with the amount of sub-
stitution of the particular ion and the effect is present at all temperatures at which measurements
have been reported. In addition to the overall changes in magnetostriction constants, there are
also the unheralded observations that in each situation one constant is affected more severely
than the other , and both the affected constant and the sign of the change appear to be a property
of the particular ion involved.

In an effo rt to gain ins ight into the origin of these important phenomena, a simple model has
been developed to explain the behavior of Mn 3+ , CoZ+ , and Fe2

~ in situations where substitution
amounts are small enough to ignore any cooperative effects. Predictions of rnagnetostric t ive
changes based on this model are shown to be in complete accord with experiment on a qua lita-
tive basis • and totally consistent with theo retical predictions of the type of distortion anticipated
for these ions in octahedral oxygen coordinations.

II. THEORY OF LOCAL SITE DISTORTIONS

A. Basic Concepts

Crystal-field and spin-orbit coup ling effects are capable of creating reductions in symmetry
01 ligand coordinations with certain transition-metal ions . More specifically, in octahedral and
tetrahedral sites, tetragonal or trigona l distortions may take place in order to lower the ground-
state energy of the cation. One such case is the Jahn-Teller effect (static or dynamic) which
often involves a simple tetragonal distortion or a combination of tetragonal and orthorhombic
distor flons in order to permit the crystal field to split a degenerate ground state. In situa-
tions where some orbital degeneracy still remains after all crystal field distortions have taken
place , spin-orbit coupling will stabilize the ion. Without burdening this text with theoretical
explanations of the origins of these phenomena, it is best to refer the reader to the writings of
Goodenough,12’43 Slonczewski ,14 and Van Vleck,15 for a more complete background on this sub-
j ect. The only result tha t must be emphasized here is the well-established fact that In all of
the cases of interest, departures from cubic symmetry exist in the local environment of the in-
dividual ions and that these distortions may be accurately described by sketches of octahedral
oxygen coordinations.

In Fig. 2 , tetragonal distortions of octahedra l sites are depicted as extensions or compres-
sions of the length of the c axis (the (0011 axis) relative to the a axes , and are characterized
by the ratio c/a > I or c/a < I. Because of the equivalence of the three (100> axes through the

j  three-fold symmetry along <III) axes , any one of the cubic axes could experience this distor-
tion. In a simple cubic lattice where isolated events of this type may take place , the local

4 2



C/O < I

Fig. 2. Tetragonally distorted octahedral sites.

distortions would be divided statistically among the three directions. With Increases in concen-
tration, a cooperative distortion along one of the directions would eventually cause a phase
change, and the symmetry of the crystal would switch from cubic to tetragonal.

For a trigonally distorted site, I.e., distortion along a body diagonal or <111) axis, the
situation may be seen more clearly with a trigonal unit cell shown In Fig. 3. Extensions and
compressions of the dimension along the (111) axis are characterized by the angle a > 60 or
a < 60 , and are reflected as shear strains In the associated octahedra. Because of the four-fold

TRIGONAI. CELLS _____________

Fig. 3. Trigonally distorted octahedral sites.

OCTAHEDRAL CELLS

P symmetry along the cubic axes, all four body diagonals are equally likely to be subjected to a
distortion and the Individual distortions would be statistically distributed among these four di-

Ll rections in a simple cubic lattice, unless concentrations are large enough to create a phase
change to trigonal symmetry.

In a spina l lattice, the octahedral site is oriented with Its axes in perfect alignment with the
principal symmetry axes of the lattice. For the garnet structure, the alignment Is not identical,
but reasonably close. The results of X-ray crystallographic Investigations by Euler and Bruce~

6

have shown that the axes ci octahedral sites are withIn a few degrees of the symmetry axes of
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the lat tice for Y 3Fe5O42 , Y 3Ga 5O12, and Y 3A15O12 (Ref. 17). As a result , it will be assumed
that perfect alignment exists to a first approxi nation in the garnet, and that a model of a simple
cubic ‘attice is appropriate in the reasoning that follows.

B. Magnetostriction Effects

Magnetostriction is defined as the strain imparted to a material when subjected to a mag-
netic field. In the present context , the phenomenon will be limited to uniaxlal strains from a
saturating field and is described mathematically by the standard equation

3 2 2  2 2  2 2  4A ~~‘ A 400 (a 4 131 + + a 3 /33 —

+ 3A 141 (a 1a 2/3 4/32 + a 2a 3/32f33 + a 3rI~4/3 3/3 1) (1)

whe re A is the rnagnetostrictive strain along an axis with direction cosines 
~ 1’ ~~~~~ 

and /33.
A 100 and A 411 are the magnetostriction constants; and a 

~~
, a 2, and a 3 are the direction cosines

of the magnetic field. In Eq. ( 1) . it should be noted that when the field is directed along a <100>
axis , the strain along the ( 400) axis is A 100 ; when the field is rotated to the (111) axis, the
strain along the (100) axis is zero. In the same fashion, the strain along the (111) ax is changes
from zero to A 111 for the same rotation of field. Therefore, direct measurement of A 400 and
A 111 can be carried out by determining the changes along these respective axes as the field di-
rection is rotated between them.

ICOOI I
Hi l [ ii]

TETRAGONAL L ”
DISTORTED

CEL l.

• 
c / o * l

Fig. 4. Local site distortion (c/a .~f 1) switching as Is rotated
from the (111) axis to the (00 1 1 ax is. Diagram is intended to con-
vey that each site aligns distortion axis with H to create a resul-
tant strain along the [001) axis.

In Fig. 4 , the case of a simple cubic crystal containing distributed sites with tetragonal
( c/a .~f 1) distortions is considered. With the magnetic field directed along the (111) axis, there
is no preferred direction of distortion for the isolated sites , and an equal distribution over each
of the three <100> axes will result. This situation is required to preserve the basic symmetry
elements of the cubic lattice. The net result would be an equal strain along each cubic axis,
producing a slight change in the crystal lattice parameter. Consider now what should happen
whe n the field is rotated to the (001 1 d irection. Because of the residual spin-lattice Interaction
existing with each of the individual sites , a preferential alignment along the magnetic field axis
will result in a net magnetostrict ive strain along the (001) axis, as each site dIstortion switches
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to this direction. The essence of this argument may be understood from Fig. 1, where it is
demonstrated how a minimum energy state will be established when E, the axial crystal elec-
tric field component becomes collinear with the magnetic field if. Thus , when H is rotated be-
tween the (111) and [001) directIons, a magnetostrictive strain (corresponding to the addition of
local site distortions from two-thirds of the substituted ions) should appear along the [001] di-
rection, smaller strains of the opposite sign (resulting from the loss of one-third of the distor-
tions) should appear along the (100) and (010) directions , and no first-order change should be
detected along the ( i i i )  axis. This last conclusion is based on a symmetry argument: if the
distortions are small enough that the combined strain along the (001) direction does not alter
the basic cubic symmetry of the lattice, the effects of the individual tetragonal distortions on
the total [111)-axis strain will be independent of how these distortions are distributed among the
three <100> directions. In othe r words, the switching of two-thirds of the distorted-sites to
the (001) direction will have no first-order effect on the <111) axes strains • because each of
these axes is centro-symmetric to the three cubic axes. Tetragonally distorted sites should
produce changes in the A 100 magnetostriction constant without any significant effects on

I II—~ — 1I S?~ — 1]

I’4II[Ooi3 —

- ~~ 
I- -

~~~~ 
-

.

~~~
‘\ ~~

‘- - - “

TR IGONALLY
D I STORTED

CELL

— L ~~~

Fig. 5. Local site distortion (a ~ 601 switching as if is rotated
from the [004) ax is to the [ l i i ]  axis-. Diagram is intended to con-
vey that each site aligns distortion axis with ii to create a resul-
tant strain along the [111) axis.

In Fig. 5, the analogous case of trigonally distorted sites (a ~ 601 is presented. Here the
reverse situation occurs. With the fie ld directed along a <100> axis, the individual sites align
their trigonal distortions along the four <111> axes. When the field is rotated to the (111) axis ,
three-quarters of the distorted sites switch to that particula r direction, producing a net (111)-
ax is strain that is four times greater than the original. By the same symmetry argument used
In the case of the tetragonal distortions, it may be reasoned that strains along the <100> axes
are insensitive to the directions of the magnetic field because these axes are centro-symrnetrj c
to the four (ill) axes. The first-order effect of any ind ividual trigonally distorted cell on the
strain along the <100) axes will be independent of the partIcular <111) axIs of the distortion.
Trigonally distorted sites should thus produce changes in the constant without any appre-
ciable effect on A 400.

_ _ _ _
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C. Stress-Strain Concepts

If refers to the strain along a <100> axis of a tetragonally distorted site and ‘j ’~ to
the strain along a <111> axis of a trigonally distorted site , a lattice containing N sites would
undergo magnetostrictive strains 

~~~
‘ or ~.A 111, depending on the type of distorted sites in-

volved. Since the origins of these site strains are deformations of oxygen ligands about a
cry stal-f ield stabili zed ion , the corresponding site stresses a~~~ and will be determined
by the bala nce between the crystal-field stabilization energy and the increase in elastic energy
of the crystal lattice. According to the Jahn-Teller theorem ,18 20 an ion with an orbitally de-
generate ground state will interact with the crystal electric field to produce a splitting of the
dege neracy and a corresponding dist ortEon in the crystal field by means of a localized strain on
the immediate ligands (in this case , the octahedron of oxygen ions). In effect , what happens
could be described in terms of an effective Stark stress that arises through the interaction be-
tween a cation with degenerate orbital angular momentum states and the octahedron of charged
ligands that provides the crystal field. This stress acts on the octahedron until the increase in
elastic energy offsets the reduction in the cation ground state energy caused by the splitting of
the orbita l degeneracy.

To establis h a new equilibrium condition , the increase in elastic strain energy, which has
a quadratic ( Hook& s law) dependence on strain , must be compensated by the decrease in site
stabili zation energy , which has a linear depe ndence on strain. Thus , the change in site defor- t

mation stabili zation energy density E5 with site deformation strain €~~ may be defined as an elec-
trostatic site stress

aS 
= dEs/d~~ , (2)

whe re E5 may also be considered as the work done per unit volume against elastic restoring
forces , and a5 becomes the slope of the linear curve and physically would represent the sensi-
tivity of the splitting of the orbital degeneracy in an axial crystal field. Thus , cr~ should be

____________ ORBITAL IPPER

ORBITAL 

SI~~ DISTORTION

DOUBLET ... ,s Fig. 6. Crystal-field stabilization energy
(Jahn-Teller effect) and its relation to the

- - - - - - 
,~. ~

R
~~ S~ A~r 

site distortion strain energy.

‘SIT E DISTORTION \ ~ WORK DONE .-‘.
STABILIZATION ‘

ENERGY DENSITY \
‘STRAIN ENERGY~DENSITY -~~C~’

considere d as a proper ty of the particular cation. To illustrate the relation between the defor-
mation stabilization energy and the strain energy , consider the one-dimens ional example shown
in Fig. I .  The strain is determined by Hooke’s law ,

(3)

6 
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where C is Young’s Modulus. To balance energy and fix the equilibrium strain experienced by
the material, the work done by ~r5 must equal the strain energy density E, so that

1 2E =  \ adc = ~, C€dc = (~~) C . (4)
“0

The point where the linear curve (representing both the deformation stabilization energy and the
work done against elastic restoring forces) intersects the quadratic curve (representing the
strain energy) is the final site stabilization energy dens ity E8 resulting from the action of the
site stress a5 that originates from a Jahn-Teller effect. Therefore, the site distortion strain
is simply

= a8/C (5)

and the site distortion stabilization energy density is given by

E8 = ~~
. C€~

2 
= ~~

- a~
2
/C . (6)

To express analytically the strains 
~~~
, for anisotropic systems,

(7)

where s.. represents components of the compliance tensor, and a. are the six components of the
1) 21stress tensor. For cubic symmetry,

= s11a1 + s12a2 +

€2 = ~iZ~ l + ~11°2 
+ ~12a3

+ s12a2 +

= s44a4

E
s 

= s~~a5

(8)

For a tetragonally distorted octahedron with a unlaxial stress 
~~~~ 

along the (001 1 axis,
= a2 = 0. and a3 ~~~~ Equation (4) yield s the following non-zero strains ,

s _ 5 — 5E li — 

~001 ~11°fO0

I 5 ~~~~~5 5
E j  — L ob — 

~100 = 
~12~1OO ‘ (9)

where € refers to the primary strain (collinear with the direction of tb” unlaxial stress) and
td the secondary orthogonal strains, which are of smaller magnitude and opposite sign to

For a simple cubic host lattice (where every site is octahedral , e.g. , MgO). with active
Ions occupying n out of a total of N sites, a magnetic fie ld along a (111> direction would di-
vide the n tetragonal site distortions equally among the three <100> directions To estimate

7
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the resultant effect on the entire lattice, consider the following definitions

= di/l . A = dL/L . (10)

where I represents a site dimension, and L, the lattice dimension along the same axis. Since
it may be shown that dL = )n/N2/3) dt and L = In this model.

(11)

where f = n/N. With the aid of Eq. (11), an estimate of the resultant lattice strain for ~ II [i41 1
could be considered as follows:

fit I s I s 1 s
~001 

- ~~~~ € 001 + ~ 
€ 010 + ~ , (12,

= ~ (~~ +2€~~) . (13)

From Eq. (9), Eq. (13) may be ex’~ressed as

(f/3) (S~~ + 2912) a~00 . (14)

By the same reasoning, when ii U [00 1), all n site distortions are collinear with H and the re-
sultant lattic e strain becomes

= fs 11a 00 . (I c~

To determine the magnetostrictive strain along the [001) axis when ii is rotated from the
(111) to the [0011 axis , as depicted in Fig. 4, Eq. (14) is subtracted from Eq. (15) to yield

= ~~ 
— 

~~~~~ 
a 00 . (16)

By the symmetry argument used earlier, it was concluded that no first-order strain should ap-
pear along the [111) axis, so that

(17)

For the case of a site distortion along a <111> axis, the reasoning is identical to the above,
but the analytical solut ion to the problem is much more tedious because the stress and compli-
ance tensors must be referred to a coordinate system with the c-axis along a (141> directIon.
To determine the strain for a uniaxial stress a~ 11, a quick answer may be obtained by
us ing the general relation for the reciprocal of the Young’s Modulus where stress and strain
are colllnear.22 For a cubic system

= 
~ii — 2(s~~ — — f s~~) (13121322 + ~2~~3 + p~~3 )  . (18)

Along the [001) axIs, = = 0, 133 = 1, and C~~ = 
~~~~~ 

along the (111) axis , = = =

= 43. (s~~ + 2s~~ + . (19)

Thus, the primary site strain becomes

= = ~. (s~~ + 2s~~ + 844) ~~~~ . (20)

J 

t /~I~~and

8



For the contributions from sites distorted along the remaining three <111> axes (i.e., [111),
[ i l l) ,  and [iii)), the computation must be carried out in a frame of refe rence with the c-axis
along the [111) direction. If is along the [fl1) axis, the stress tensor must undergo a sim-
ilarity transformation to rotate the c-axis from the [11IJ direction to the [111) direction and pro-
duce new tensor elements. In addition , a similarity transformation from the original cubic axes
system to the [411) system must be used to rotate the 4th-rank compliance tensor.23 The details
of this task are too lengthy to reproduce in this text. However , the results of the calculation of
the tensor multiplication carried out in the (111) frame of reference for a site distortion along
the [ill) axis produce the following expression for the secondary contribution to the [111) axis
strain:

= (0.189s 41 + 0.67 1812 — 0.039844) U~~~~~j  
. (21)

Because site distortions along the ~1IIJ and [111) axes would also produce the secondary strain
described by Eq. (21), the contribution to the total strain along the (111) axis from equally dis-
tributed site distortions along the other three <III> axes would triple € • Since this situation

describes the state of strain along the (111) direction when trigonally distorted sites are equally

distributed among the four trigonal axes, it also represents the case for the magnetic field
111110011 axis. Thus, with appropriate weighting for primary and secondary contributions , the
lattice strain becomes

= (f/4) ( 5 + 3 5
) , (22)

and from Eqs. (20) and (21). Eq. (22) may be expressed as

~0 t  = (f/4) (0.22Ss~~ + 0.67Osjz + 0.054844) a~11 . (23)

When 11 is rotated to the [lii) direction, every site distortion will switch to the [111) axis, and
the total strain along this axis will be simply the combined effect of n primary trigonal strains,

or

= f€ 1~11 = (f/3) (s11 + 2812 + 844 ) C 11 . (24)

To determine the net magnetostrictive effects from rotation of the magnetic field, all that is
required Is a subtraction of Eq. (23) from Eq. (24) to yield

= f(0.108s11 — 0.0038 12 + 0.279844) a 11 . (25)

From the same symmetry argument used earlier.

(26)

In Table I. the results for the different situations of tetragonal and trigonal distortions are
summarized. The conclusions that ~ A 141 = 0 for the tetragonal case and ~~~~~ = 0 for the tn-

gonal case are based on the assumption that cubic symmetry is maintained when the site switch-
Ing takes place. If the total strain were sufficient to reduce the overall lattice symmetry, the
above approximations would no longer be valid. In most cases, however, the magnetoatrictive
strains are on the order of only a few parts per million.

9
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TABL.E I
EFFECTS OF TETRAG ONAL AND TRIGONAL OCTAHEDRAL SITE

DIST ORTIONS ON THE A 1~~ AND X~~ MAGNETOSTRICTION CONSTANTS 1.
Site Distortion ~~ 10O ~~‘1 ) )

c/o >1 +
~~ f(j ‘

~~12~ 
lc~~ I 0

Tetragonal
2 $c/a < 1 —~~~ 

~~~~~ ‘l2~ 
1a 1001 0 p

0 <60 0 0 + 1(0. 108s~~ 0.0031,2 + 0.27%~~) 
~~~~~

Tr i gorlat

o > 6 0 0  0 —1(0. 1081,, — 0.0031,2 + 0.279i~~
) ~~~~

TABLE II

PROPOSED EFFECTS OF TETRAGONAL AND TRIGONAL OCTAHEDRAL
StTE DISTORTIONS ON THE A100 AND A111 MAGNE TOSTRICTION

CONSTAN TS FOR A SIMPLE CUBIC LATTICE (e.g., MgO)

Site Distortion ~A111

c/a > )  3 .3X 10 ’3 FIc~~0I 0
Tetragona I

c/ o < 1  _ 3 .3X 10
~~

3 FIa~~0I 0

a<60° 
- 

0 +2.2X 1O’ 13 f1a 11 j
Trigona I

a > 600 0 —2.2 x ~~~ ~~~~~~

$
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For a MgO lattice, the compliance constants may be considered as representative of those
for an ind ividual octahedral site. To approximate the stress-strain relationships for octahed ral
sites, the following MgO values of ~~~~~ S12, and s~~ were used to compute the relat ions in
Table

= 0. 400 x

~12 = —0.097 x

544 = 0. 643 X io
12 cm2/dyne . (27)

For a garnet or spine l lattice , the presence of tetrahedral and dodecahedral sites may be
taken into account in determ ining the resultant effect on 

~~~~~ oo and ~~~~~ by defining an effective
concentration factor f’. This analysis is presented in the appendix.

III. COMPARISON WITH EXPERIMENT

In order to test the applicability of the local site distortion model, the magnetostniction
3+ 2+ 2 + .constant data for octahedral-site Mn • Co , and Fe ions in spmels and garnets will be re-

viewed. The crystal structures of these host lattices feature a trigonal component to the crystal
field (_, 10 2 to IO~ cm 1) which is about an order of magnitude smaller than the main octahedral
field (—10~ cm t ), but considerably larger than the Jahn-Teller deformation energy required to
account for the magnetostriction effects (see appendix). The trigonal field is responsible for
the anisotropy effects associated with Co2

~ and Fe2
~ ( Ref. 14), but does not affect the magneto-

striction distortion as long as the crystal-field stabilization effects from both sources do not
oppose each other. In the case of the Mn3’

~
’ ion, the trigonal field has no stabilization effect

whatsoever, because the Jahn-Teller phenomenon can only result from a tetragonal or ortho-
rhombic distortion. Although the tnigonal field does not play a direct role in the local site din-
tort ion model of magnetostriction, it will be included in the energy-level diagrams of the m di-

0 

vidual ions.

3+A. The Mn Ion (High-Spin State)

Trivalent manganese (3d 4 ) i n an octahedral site is a pure Jahn-Telle r ion , and its ground
orbital term is split into a lower doublet and uppe r triplet under the influence of a crystal field
of six octahedrally coordinated oxygen anions, as shown in Fig. 7. In a t rigonal field , the dou-
blet term is not split , but the Jahn-Teller effect may occur in the form of a tetragonal (or or-

0 
thorhombic) distortion which will stabilize the ion by l if t ing this degeneracy. According to
Goodenough ,~~ elastic restoring forces are expected to create an e ffect ive distortion (whethe r
static or dynamic) that would favor tetragonal symmetry with c/a > I (see Fag. 2). This latte r
conclus ion Is supported by the fact that when the distort ions become cooperative, as in Mn 304,
the lattice undergoes phase change from cubic to tetragonal symmetry. Based on the theoret-
ical conclusions summarized in Table 11, ~ A 100 Ii expected to be positive arzl ~~ .A 111 negl igible.

1As a test for these predictions , consider the garnet data of Dionne presented In Fig. 8 and the
• epinel data of Van Hook and Dionne4 given In Fig.9. In both cases , the A 100 constant experiences

a significant change In a positive sense, while A 111 remains relatively insens itive to the Increas-
ing concentration of Mn 3

~ Ions . For Y 3Mn~Fe5..~O t2 , the small variation of A 111 with x could

11
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occur because the octahedral site axes are not quite coincident with those of the garnet lattice.t7

It should also be pointed out that the actual Mn3
~
’ content in Li0 5Mn~Fe2 5.,.~O4 may be Inaccu-

rate because some fraction of the manganese substitution may have entered the lattice as Mn~~
and would not produce Jahn-Telle r effects. However, both systems agree precisely with the
qualitative predictions of the model for the tetragonal distortion c/a > 1.

B. The Co2
~ Ion (High-Spin State)

4 . 2+ . 7 .In an octahedral site , the F orbita l ground term of the Co ion (3d ) is split into an upper
singlet and a pair of lower triplets by the main cubic field component. In the ferrite hosts ,
Slonczewskit4 has interpreted the anisotropy and relaxation effects by assuming that the tragonal
field component splits the ground triplet into an upper singlet and lower doublet , as shown in
Fig. 10. Since this trigonal field is equivalent in sign to a distortion ~ > 60’ according to
Goodenough,25 a tetragonal c/a < I deformation would produce an additional stabilization, prior

ll S—i—1,iI ~ 1l

Fig. 10. Crystal—field energy level 4ir

structure of octahedral site Co2
~ ions

in spine I and garnet lattices. 

OCTAHEDRAL

YE tR44O$a~,
C~ .4 I

to the final lifting of the ground orbital degeneracy by spin-orbit coupling. 000denough’s anal-
ysis also predicts that elastic restoring forces would more likely favor the c/a < 1 deformation
below the N~el temperature , and this result has been borne out in CoO. Accord ingly, magneto-
strictive t’iffects arising from the substitution of small amounts of Co2

~ ions into octahedral sites
should follow the trends ind icated in Table II for a c/a < I distortion.

— For a c/a < 1 distortIon , AA 11~ should be negative and ~~~~~ negligible. Unfortunately.
the available experimental results for Co2’

~ in the garnet system are sparse and inconclusive.5

However, Protopopova et al.6 have reported data on the magnetostriction constants of Co~~
’-

doped lithium and magnesium ferrite as a function of temperature (see Figs. 11 and 12). In both
cases , the effects of Co2

~ are seen to follow qualitatively the theoretical expectatIons. In addi-
tion, Bozorth ~~ ~~~ reported the room-temperature results for Fe304 and Co0 8Fe2 2 O4 pre-
sented In Table m, which clearly show how the presence of divalent cobalt can produce a very
large negative A 100 constant. With the addition of Zn2

~ and subsequent reduction of the Co2’
~
’

content in Co0 35Zn0 26 Fe2 3904. the magnitude of A 100 decreases accordingly w ithout affecting
A 111. A room-temperature measurement of the rnagnetostrictlon constants of Co + _ dOped lith-
ium ferrite also reveals a small increase In the negat ive value of A 100 (Ref. 2).
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Lio 5,.,~,2Fe2 5..~ ,2Co~O4 for Co2~ Mg 1_ ~Co~Fe204 for Co2~ concen-
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TABL.E III
MAGNETOSTRICT ION CONSTANTS OF SE LECTED SPINE I FERRITE

COMPOSITIONS CONTAINING Co2’ AND Fe 2’ IONS

A100 A111
Composition x io_6 x io 6 Reference

—19 +81 6

—590 + 120 6

Fe Zr
~~22lCo 33Fe

~~22F.~
’
~~

)O4 —210 +110 6

F.~~0tU~~
’
5F.~ ”

5JO4 —23.8 +2.3 2

UdI

o F s O4

~~~~~~~~~~~~~

287 + 5 o 2
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In the work reported by Bozorth et aL , all compositions contained substantial amounts of

divalent iron ions. As will be discussed next , Fe2
~ ions are responsible for the large positive

values of A 111 in these compos itions.

C. The Fe24 Ion (High-Spin State)

In an octahedral crystal field , the 5D ground orbital term of the Fe24 ion (3d6) is split into

an upper doublet and lower triplet (the inverse of Mn 3
~ ). In the spinel or garnet lattice, the tn-

gonal field will split the lower triplet into a singlet and doublet , but some question exists as to

the sign of this splitting. Slonczewski t4 has pointed out that the situation should be the Inverse

of that for Co2
~ if the trigonal field is solely the result of long-range effects from the host lat-

• tice. This would prod uce an orbital singlet ground state and would not account for the magneto-

strlctive effects.
However, Feher and Sturge26 have concluded that short-range interactions sensitive to

local charge compensation may disturb and even override the basic trigonal field component to

make the sign of the sp litting vary among d ifferent cations. In addition. Judy
27 has pointed out

that the negative second-order anisotropy constant K2 of Fe2
~ measured in Y 3Fe 5O12 can only

be explained by a doublet ground state. Finally, observed anisotropy and relaxation effects of

Fe2~ in ferrites are difficult to explain without the aid of sp
in-orbit stabilization effects, which

are expected to be large if the ground state is degenerate. Accordingly, the energy-level model

shown in Fig. 13 will be assumed for the interpretation of the magnetostriction data.

I11 3-1t554 h I

Fig. 13. Crystal-field energy level 5D /
structure of FeZ+ ions in spinel and
garnet lattices. • ‘

- -

A ,

OCTAHEDRAL -

TR IGONAL
0< 60.

Since the trigonal field dep icted would be equivalent to an a <60 ’  distortion by Goodenough’s

analysis, a Jahn-Teller deformation of this type would reinforce the crystal-field stabilization

prior to the final removal of the orbital degeneracy by spin-orbit coupling. In accord with this 
0

prediction, divalent iron in FeO was indicated as an example of such a trigonal (a <60 ’) distor-

tIon at lower temperatures. This result is consistent with the fact that magnetostriction creates

weaker elastic restor ing forces for this trigonal distortion in contrast to the stronger forces
associated with a tetragonal (c/a > 1) distortIon. As in the case of Co2

~ In an octahedral site,
crystal-field stabilization of the Fe2

~ ion energy levels is expected to favor one particular type

of distort ion, and Its effects on magnetostrlction constants when substituted into a garnet or

spinel lattice may be determ ined through an examination of the existing experimental data.
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According to the theoretical results summarized in Table II. Fe2
~ ions with an a <60  dis-

tortion should provide a posItive bA 111 and a negligible bA 100. In Fig. 14, the magnetostriction
constant measurements of Fe2

~ In yttrium Iron garnet reported by Dillon et aL 10 and Hansen 11

are reproduced in order to verify the qualit ative agreement with the model. The differences in
the two sets of dat a suggest discrepancies in the determinations of Fe2

~ ion concentrations, For
the spinel lattice . Table III reveals the large positive A 111 constant of Fe304 and the generally
high values of this quantity In the Co ferrite compositions, which also contain large amounts of
divalent iron.

In general, all of the available experimental results are in complete accord with the qual-
itative predictions of the magnetostriction model and are consistent with the type of octahedral
site distortion predicted from crystal-field theory. In addition to the three ions studied, other
possibIlities exist, but limited experimental results are available. Two such candidates are
Ru of the 4d transition series and Ir of the Sd series. Under certain crystal-field conditions,
ions of both of these elements can behave in a manner similar to Co2

~ or FeZI in an octahedral
site and significant magnetostriction constant changes could occur. For example. Krislman
~~ ~~28 have reported magnetostriction measurements of Ru 3

~ (4d5) or Ru4
~ (4d4) ions in yttrium

iron garnet which behave analogously to Mn 3
~ ions in the same lattice (see Fig. 7). Because of

the larger spatial extent of the 4d wave funct ions , the effect ive intensity of the octahedral crystal
field is great enough to place these ions in low-spin states with orbital triplet ground states.
Crystal field and spin-orbit stabilization would be anticipated in these cases. From the data in
Fig. 15. it appears that a local tetragonal (c/a > 1) deformation similar to that of Mn 3’ probably
takes place for the particular Ru ion investigated.

IV. DISCUSSION AND CONCLUS IONS

The local site distort ion model proposed to explain the magnetostrictive effects of small
concentrations of selected transition-metal ions in spine l and garnet lattices has been demon-
strated to be capable of thterpret~ng the changes in either the A 100 or the A 111 magnetostriction
constant on a qualitative basis. In every instance reviewed, the theoretical predictions are in
qualitative agreement with experimentally determ ined changes in magnetoetrictive constants as
a function of concentration. In addition , the particular types of deformation required to fit the
data are in accord with those expected from crystal-field and elastic i-estoring force considera-
tions. Observed changes in the second magnetostriction constant are not predicted by this model,
but may be partially accounted for by the fact that the volume of the lattice was assumed to be
unchanged during magnetostriction. Any departure from this idealized situation could produce
small changes in the second constant. In addition , indirect effects of the substituted cations on
the magnetostrictive contributions from the host Fe3+ Ions were not considered.

In the theory described in this paper , a pure octahedral crystal-field environment was as-
sumed for the development of the model. In reality, spine l and garnet lattices feature a signif-
icant trigonal component of the field , directed along one of the fou r <111> axes at each octahe-
dral site. This field component accounts for the anisotropy effects characteristic of these
ferrimagnetic materials and the question of what Influence this field component could have on
the basic model should now be considered. Because the site distortions are Jahn-Teller effects
arising from the tendency of the ion to lower the energy of its ground state by a deformation of
its Immediate u ganda . the presence of the other crystal-field components should not in them-
selves affect these distortions as long as the conditions necessary for their occurrence are
sustained.
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In the absence of a magnetic field , the crystal-field spl ittings of the respective ions are
sketched in Figs.7 . 10, and 13, where it is indicated that small Jabn-Teller stabilizations can
take place in each case; the signs of the distortions are such as to enhance the effects of the
trigonal field. For the Mn3’ ion case shown in Fig. ?. the trigonal field does not affect the
ground orbital doublet and may therefore be treated as nonexistent. In the presence of a mag-
netic field , the symmetry axes of each local site distortion will follow the magnetic field direc-
t ion in sp ite of the fixed trigonal field component along a specific (111> axis. For Co2

~ ions,
the distortion is tetragonal along any one of the three (100> directions. Therefore , each ci
these axes is symmetrically and energetically equivalent with respect to the trigonal field,
Whet her the magnetic field is directed along a <100> axis or a ( i i i>  axis, all of the site dis-
tortions will remain along <100> axes and the basic concept of site switching among <100) di-
rections as the field is rotated is valid. However , in the presence of anisotropy fields, an acti-
vation energy or critical magnetic field strength for saturation may exist to effect the necessary 

0

switching.
The case of FeZ+ ions is less obvious because both crystal-field components are trigonal 

0

and directed along <111> axes. With the magnetic field along a <100> axis, each site distor-
t ion would align with the fixed trigonal field direction for the particular site in a manner equiva-
lent to the zero-field case depicted in Fig. 5. However , with the field along a <iii) axis, the
site distortions are not equivalent and three out of four of the distortions must switch to a new
(111> direction 70.5’ from their fixed trigonal field axes. Since the axis of the site distortion
will follow the orbital angular momentum vector, the phenomenon depicted in Fig. 1 should take
place , as H will rotate ~~. which in turn is coupled to t through spin-orbit coupling. Because
it is through the competition between crystal field and magnetic field for the t vector that the
magnetocrystalline anisotropy energy originates, it is logical that the system would lower It~
energy by reducing the crystal-field strength through a site distortion switch over to the direc-
tion of the magnetic fie ld. Once again, questions of a saturation field strength required to over-
come anisotropy arise, but the essence of the argument resides in the notion that the system
will eventually attain its greatest spin-orbit stabilization with all the site distortions directed
along the (iii) axis closest to the magnetic field direction. This last argument will apply to
any situat ion where part of the axial cry8tal field is switchable through a local site distortion,
without disturbing the fixed fie ld of the host lattice, and would also apply to the magnetostrictive
changes caused by Mn 3’ and Co21 ions discussed above.

From the above discussion, it may be concluded that the local site distortion swItchIng con-
cept of magnetostriction is valid in the presence of non-cubic crystal-field components. It
should also be pointed out that the presence of an internal magnetization or exchange field is not
required , although all data discussed were derived from measurements on ferrimagnetic mate-
rials. The existence of Jahn-Teller effects from Co2 

~ ions in MgO (Ref. 29) and Y3Ga5O12
(Ref. 30) have not been detected by paramagnetic resonance at 4.2 K , but such distortions may
be the cause of a line broadening with FeZI Ions in MgO (Ref .  31). However , unless crystal-
field energies are much greater than tO ’~ cm 1 (see append ix) at liquid-helium temperature,
such effects may not be discernible by resonance spectroscopy techniques, and actual magneto-
striction measurements may be required to investigate the possibility that paramagnetlc mate-
rials may possess magnetostrictive properties.

j 
_ _ _  
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APPENDIX

A. MULTI-SITED LATTICE

For a multi-sited lattice , e.g.. Y 3Fe5O42 with octahedra l, tetrahedral, and dodecahedral
sites in the ratio of 2:3:3, a linear dimension of a particular site can be estimated from its
volume v1 by l

~Then.

F = E~~1.

and

L = . (A-f)
where V is the volume of the lattice. Since

dL = (n ./N2/3) dl. E 5(n./N2/’3) v 1,#~3 
(A—2)

E = dL/L E 9 (fl ./N 21’3) (v1/V) h 1’3 
(A-3)

However , since V = Nv, where v is the mean site volume,
S
( / ~j ) (v~/v) ’/’~ = ~f1(v 1/v)~”~ . (A—4)

Thus , Eq. (A-4) may be re-expressed as

= f~~ S 
(A—5 )

where

(A- 6)

As examples of the types of calculations that may be encountered , cons ider the garnet andspinel lattices. In both cases , the volume of an octahedral site is approximately 16 A3. Toarrive at values for the mean site volume v, the volume of a unit cell may be determined from
the lattice parameters a0 12.5 A for a garnet and —8.5 A for a spinel. In either case, N wouldbe the total number of cations per unit cell , 64 for the garnet and 24 for the sp inel. Therefore ,

(v~/v)”~ =~ 0.81 (garnet) ; 0.86 (spinel) . (A’-7)

B. MAGNIT UDE OF 
~t T

• Because the Jahn-Telle r effect represents a crystal-field component that competes withboth the host lattice cubic crystal field (octahedral plus trigonal in the case of spinels or garnets )and spin-orbit coupling, it is Instructive to estimate the order of magnitude of the site deforma-tion energy density E8 and Jahn-Teller splitting otT .  From Eq. (6),

E5 
= (1/2) C€~

2 
, (A—8)

21
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where C is an effective compliance constant. For an individua l site , the above relation is valid,
provided that estimates may be made for t~ from the relation = e/f ~. Thus ,

E5 
= (1/2)C (E/f ~

2 
r ( 1/2)C (ô.X/f’1)2 

. (A—9 )

As a typ ical example , consider the Mn 3
~ ion in Y 3Fe5012 (Fig. 8). From data presented

in the text , it may be determined readily that C ‘- 10 12 dyne/cm2 and that ~ A 100 2 X 10~~ for

f~ ~ - 0.024. Therefore , it may be computed directly from Eq. (A-9 ) that 0

3.5 x i0~ ergs/cm 3 . (A— t O)

• For an octahedral site of volume 16 A3, the crystal-field energy level splitting o~(trlgonal)

or o~~(tetragonal) would be on the order of 5.5 X 10 ergs . or

6t .T — ~ ~ 10~~ cm 1 . (A-It)

Since from the fixed trigonal crystal field is on the order of 10 2 to 10~ crn t , and spin -
orbit coupling energy is generally about io2 cm t for these ions , it must be concluded that the
local site distortions would be expected to have negligible effect on magnetocrystalline anisotropy.

C. MAGNITUDES OF a~00, ~~~~
From Eq. (5), it is assumed that

cr~ CE S 
= C(€/ç) = C(~.A /q) . (A- 12)

For Mn3
~ ions in Y 3Fe 5012, the values of C 1012 dynes/cm2 , 

~~~~~ 
— 2 x 10~~ , and 0.024

used in the earlier determination of E5 may be applied here to obta in

a 00 (Mn 3” ) 8.3 X 108 dynes/cm2 
. (A—13)

For the case of Fe2
~ ions in Y 3Fe5012, C — 1012 dyne/cm2, AX 111 — 8 X 10 6, and ç ~ 0.005

(derived from Hansen data in Fig. 14), and

a~ 11(Fe 2
~ ) — 1.6 x 10~ dynes/cm 2 . (A-14)

*U. I, GOVUUNMENY P.INtSNG OPPICS: II7~ .
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